We develop an endogenous growth model with vintages of physical capital where human capital is endogenously produced. Under some simplifying assumptions we can solve the model analtically and study its dynamics. We provide conditions under which a balanced growth path, in the ratio of capital to human capital, exists and is stable, with the transition dynamics exhibiting oscillatory echo e¤ects associated with vintages.
Introduction
This paper builds on Benhabib and Rustichini (1996) to develop a vintage model by introducing endogenous growth and human capital. As in Lucas (1988) , human capital production is endogenous, although we rule out external e¤ects for simplicity. The production function for goods is given by y = z a 1 k
where y is output and k i is the vintage of remaining capital produced i periods ago. z > 0 can be an iid productivity shock or a constant. In this section we abstract from time subscripts. For simplicity of exposition we assume capital vintages lasts 3 periods, but the model trivially extend to vintages lasting n periods and subject to one-hoss shay depreciation after. Thus the CES is a vintage aggregator and replaces the standard formulation of an aggregate capital stock as the sum of depreciated past investments. The non-negative coe¢ cients a i may sum to 1; as we will assume, but are not necessarily restricted to be positive. Vintages are subject to depreciation, that is wear and tear depreciation by a factor i ;so for simplicity in the above i = 0 for i > 4; but as noted, we could have i > n:The depreciation factors i can also incorporate some aspects learning by doing and need not be monotonic in i:Thus we have moved away from exponential depreciation to a more realistic and ‡exible depreciation scheme. H represents the period endowment of human capital with H h allocated to the production of goods, and h allocated to the production of next period's human capital H 0 = gh: The model can be generalized so that human capital is a non-rival input in the production of H or y in the sense of Romer (1990) :
Instantaneous utility is assumed to be CRRA,
but note that the CES elasticity of substitution " is assumed to be the same as the intertemporal elasticity in the utility function, so this is a narrow generalization of the Cobb-Douglas production and log-utility pair where " is restricted to be 1: CES production may be preferable because at least for " < 1 it does not require all three vintages to be positive for positive output y > 0; although our analysis below goes through for any nonegative ": The restriction to have the same " in production and utility functions on the other hand allows for explicit analytic solutions.
In section 2 below …rst we develop and analyze the model and its balanced growth path, expressed in terms of the contemporaneous capital to human capital ratio. In section 3 we study the conditions assuring convergence to the balanced growth paths, characterize the dynamics, illustrate the "echo" e¤ects associated with vintage models, and also explore learning by doing e¤ects in section 4.
Now di¤erentiating V (k 1 ; k 2 ; k 3 ; z) ;where 0 , 00 , 000 indicates variables one, two, three periods ahead, and M P K i is the marginal product of vintage capital with index i; we have:
Updating V 1 :
and substituting into the …rst order condition for c we get
The interpretation of this Euler equation is that it equates the marginal utility today to the sum discounted sum of the marginal products the vintage that lasts three periods into the future, weighted by marginal utilities of the future dates, depreciating the vintages along the way. Now we note from the production function that:
So …rst order condition can be written as:
Now let c = y so
If z is iid or constant, we can set = 0 = 00 = 000 and solve:
The left hand side is therefore a constant, as conjectured. We will assume that < 1: Note that for 0 < " < 1 the savings rate (1 ) is increasing in i ; i and :
Now we turn to solving for H; h;using its …rst order condition,
We see that the optimal choice of is not constant since it depends on the current realization of z: However, to push further in characterizing the solution analytically, we now assume z t = z to a constant, so is a constant:
and we assume < 1 . Therefore g = ( g)
If we let x t = (k t ) 1 " ; we have a linear di¤erence equation system in two variables:
To avoid carrying extra constants around, without loss of generality let us also assume that we only have one-hoss shay depreciation where capital lasts only 3 periods, so 1 = 2 = 1 since in both equations (1) and (3) 1 and 1 2 could be subsumed in a 2 and a 3 :
We can now however collapse the solution to dynamics in one dimension. Let s t = H 1 " t : Then we have:
Therefore we can write
Under some assumptions, discussed in the next section, we can guarantee that the dynamics converge to a steady state. Following equation 1 we had assumed that < 1:
< 1; and
In this case, from equation 4 we will obtain a steady state Q t = Q :
Dynamics and Balanced Growth
Will the dynamics of the vintage capital to human capital ratio, Q t ; converge to the steady state Q, a balanced growth path? The characteristic roots of equation 4 will be the roots of the characteristic polynomial,
Furthermore, there is a simple dominant real root^ of equation 6 in the interval (A; 1) which is larger in modulus than other roots. Is equation 4 stable? It may be reasonable to assume that recent vintages contribute more to output, so that a 1 a 2 a 3 ; although this rules out new vintages increasing in e¢ ciency in the intermediate run. If we also assume that g > 1; then, if 0 < " < 1; then
It then follows from Eneström-Kakeya Theorem (see Sato (1970) , Singh(2014) ), that the roots other than^ are also within the unit circle, so although convergence can be oscillatory and vintage models are subject to well-known echo e¤ects, the steady state Q is stable in this case, and the ratio of vintages to human capital, kt Ht converges to its steady state. We can illustrate the dynamics and damped oscillations of vintages with a simple calibration. Let z = 1:01; " = 0:9; a 1 = a 2 = a 3 = 0:30; a 4 = 1 a 1 a 2 a 3 ; 1 = 2 = 1; = 0:95; and g = 1:06: Under this calibration we can solve for the steady state, Q = 0:5986: The moduli of characteristic roots of equation (4) are within the unit circle, (0:9382; 0:3225 0:4562i);and include a complex pair responsible for persistence of for the hump-shaped dynamics that basic one sector real business cycles models cannot deliver.
1 The equation (4) becomes Q t = 0:2933Q t 1 + 0:2930Q t 2 + 0:2928Q t 3 + 0:0723:
We can simulate an impulse response function of fQ t g in equation (4), starting with the initial conditions (Q 1 ; Q 0 ; Q 1 ) = Q + 0:1; Q; Q over 50 periods. The system is at its steady state, but is subject to an investment impulse shock in period 1. The …gure below illustrates the impulse response. 
Q(t)
The impulse response of the capital to human capital ratio
The horizontal line in the …gure shows the steady state value Q: The capital to human capital ratio impulse response Q t , after initially increasing for a ferw periods as the impulse propagates and encourages investment in subsequent vintages, converges back to Q; but not monotonically due to the vintage echo e¤ects set in motion as the investment impulse works its way through until its one-hoss shay depreciation after 3 periods. Of course the three period vintage life is too short, but is adopted for computational simplicity to illustrate the posssibility of richer dynamics with longer and more realistric depreciation schemes. The echo e¤ects can become more oscillatory and persistent for longer vintage life-spans. Also dampening the role of the one-hoss shay depreciation by setting a 3 = 0:2 retains the hump shape but dampens the the second smaller hump due to echo e¤ects, as in the Figure below The impulse response of the capital to human capital ratio
Learning by Doing
We can also explore numerically a learning by doing technology where the productivity of a capital vintage increases after the …rst period and declines later.
To explore this case we set a 1 = 0:2; a 2 = 0:7; a 3 = 0:10; and we leave other parameters the same. Under this calibration we can solve for the steady state, where now Q = 0:5982: The equation (4) now becomes Q t = 0:0978Q t 1 + 0:6837Q t 2 +0:0976Q t 3 +0:0723 but the moduli of characteristic roots of equation (4) are still within the unit circle, (0:9378; 0:6890; 0:1510);and include two negative roots responsible for the echo e¤ects of vintages. We can again simulate an impulse response function of fQ t g in equation (4), starting with the initial conditions (Q 1 ; Q 0 ; Q 1 ) = Q + 0:1; Q; Q over 50 periods. The system is at its steady state, but is subject to an investment impulse shock in period 1. The …gure below illustrates the impulse response. The impulse response of the capital to human capital ratio
The impulse response of the capital to human capital ratio Q t is again, as expected, converging back to Q; but the echo e¤ects and oscillations are much more prominent due to the e¤ects of learning by doing, in spite of the same short life-span for vintages, 3 periods. Note that in this calibration the characteristic roots are real. Again however in the Figure below, still in a "learning by doing" setting but with a 1 = 0:2; a 2 = 0:7; a 3 = 0:10 instead, the hump-shape, with Q increasing the …rst few periods, is apparent while echo e¤ects are dampened. The impulse response of the capital to human capital ratio Of course our calibrations of the simple one period model with capital only lasting three periods are meant to be only illustrative of investment dynamics generated by endogenous growth vintage models rather carefully matching business cycles. Vintages are complementary to calibrated multisector models that
